Exam Statistical Methods in Physics
Monday, April 12 2010, 14:00-17:00

Gerco Onderwater

Rijksuniversiteit Groningen / KVI

Before you start, read the following:
e Write your name and student number on top of each page of your exam;
o Tllegible writing will be graded as incorrect;

e Good luck!



Problem 1 (15 points)

Read the following statements carefully, and indicate if they are true or false:

(a)
(b)

The marginal distributions of a multi-dimensional PDF are normalized.

The PDF of z and y is given by f(z,y) o sin(zy) with 0 < z.y < 7. so z and y are
independent.

The covariance of 2 and y, cov(z,y) = 0, so z and y are uncorrelated.

In hypothesis testing, the main motivation in choosing the critical region is to make
it as large as possible.

A consistent estimator can be biased.

The likelihood of a parameter ¢, £(Z|t), for a set of measurements & defines the PDF
for ¢.

Baves’ theorem relates the conditional probabilities P(A|B) and P(B|A).

For z : Normal(z; i, 02), the normalized variable ¢ = f/”—\‘/—ﬁ with T = #Z:\;l z; and
§* = v SN (z; — T)? has a Student- distribution with N — 1 degrees of freedom.
By carefully designing a hypothesis test. loss a and contamination 8 can always be
made arbitrarily small.

If I, are standard Normal distributed, then 3°5_ 17 has a x? distribution with s degrees
of freedom.

NI(@) Vs> 1.
If P and Q have a multi-variate Normal distribution with correlation p and variances
op and 0g, you can always apply a coordinate transformation and define U and V

such that they are indepdendent.

When testing how well your prediction fits the data, you find a x? of 18 for 40 degrees
of freedom. This is expected about half of the time.

After a succesfully minimizing x2, the average of the residuals ((z — f)/o) = 0.

The sample mean is always a sufficient statistic of the mean of the underlying distri-
bution.

) Doubling the amount of information requires quadrupling the number of measure-

mwnnto
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Problem 2 (15 Points)

A cucumber growers asks for your help to optimize his profit. Consumer cucumbers have
to be straight. as defined by the parameter ¢. The grower has measured ¢ for 100 of his

cucumbers:
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(a) Make an equal-width histogram for the grower’s data. Motivate your choice of the

range and the number of bins.

(b) You suspect that ¢ is described by the Rayleigh distribution:

What is the distribution mean Elc]? Calculate the sample mean @ using your his-

€

fle) = L -3

o2

fogram. What is your estimate for §? Hint: [ 2%~ dz = /7 /A.

(¢) What is the probability P(a < ¢ < b) to find ¢ between a and b for a given 07 Recall

that 2z dz = d(z?).

(d) Should you discard the two measurements at 12.18 and 19.317 Motivate why (not)?

(e) Perform a x>-test to check whether your assumption that the data is described by the
Rayleigh distribution is true. Ignore bins with zero counts. Discuss your result.




Problem 3 (15 Points)

When vou posses a car with an average CO, emission 1 below 110 mg/km you do not
have to pay road tax in the Netherlands. A certain type of car, the Belchfire Runabout,
is tested by the government agency RDW to see if it meets this criterium. It is known
that the measured emission is described by a Normal distribution N(u, 0?) with p and o
both unknown.

(a)

As usual. the RDW measures the emission for five Runabouts, which vield the fol-
lowing (independent) results (all in mg/km):

n; = {110.48,106.02, 106.42, 108.62, 106.27}.

Calculate the sample mean 7 and sample variance sp. To be tax-exempt. the lower
95% confidence interval for the true emission p is required to be entirely below
110mg/km. Does this car type meet the tax-exempt criterium?

The Belchfire company makes adjustments to the design of the Runabout in an at-
tempt to reduce the emission from the (assumed) current emission of 108 mg/km to
105 mg/km (or less). The emission of their redesigned car is measured n times. It
is known that the standard deviation of a single measurement with their set up is
2mg/km. Assume that the measurements are independent. Give the distributions of
the mean of the measured emission for the old and new engine (with n as a parameter).

Design a test to see whether the new design meets Belchfire's goal with 99% confi-
dence. How large should n be to have a type-Il error (contamination) of less than
1%7?

Should the Belchfire company require a higher level of confidence then the RDW?
Would it be wise to test more cars than the RDW does? Why (not)?

In an attempt to be as sure as possible, Belchfire has made 100 measurements of
the emission of the Runabouts. The engineers are convinced that the emission is
105 mg/km with 99% confidence. The car is tested by the RDW and not approved for
tax exemption. Is this possible? Explain and give an estimate for the probability that
this occurs. You may assume that the RDW hasn't changed its testing procedure.
Should you suspect there is something wrong with the testing equipment at the RDW?



Problem 4 (15 Points)

The main cable for a cable car consist of 16 thin cables wound together. The thin cables
have a failure rate of A = 4 x 107° per meter length.

(a) Give the distribution for the number of failures for a cable of length L. What is the
probability that this cable breaks?

(b) The main cable is supported by a tower every 300 m. What is the distribution of the
number of broken thin cables in a 300m long stretch of the main cable?

(¢) The total length of the cable is 3km. Safety standards require that that the main
cable has no more than 10 cable breaks, and under no condition two or more breaks
in a single section. What is the probability that the main cable fails to meet this
criterium?

Problem 5 (15 Points)

In the 18% century Geroges-Louis Leclerc, Compte de Buffon (1707-1 788) found an amus-
ing way to approximate the number 7 using probability theory and statistics. Buffon had
the following idea: take a needle and a large sheet of paper, and draw horizontal lines
that are a needle-length apart. Throw the needle a number of times (say n times) on the
sheet. and count how often it hit one of the horizontal lines. Say this number is s,. then
s, is the realization of a Bin(n, p) distributed random variable. Here p is the probability
that the needs hits one of the horizontal lines.

(a) Assume that the length of the needle is 1 and that the lines are parallel to the z-axis.
Argue that Z, the distance from the center of the needle (X,Y) to the first line with
smaller y is given by a uniform distribution with U(0, 1). Also argue that ¢, the ange
between the needle and the positive z-axis has a U(0, 7) distribution and that Z and

¢ are independent.

(b) Show that the needle hits a horizontal line when
b 20 .
Z§§sm@ or 1~Z§§sm¢

(¢) Show that the probability that the needle will hit one of the horizontal lines is equal
to 2/m.

d) Show that T = 22 is the maximum likelihood estimator for 7.
Sn.



Table 1: Integral of the Standard Normal distribution: ®(z) = [* -1
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Table 2: Quantiles of the Chi-squared d

0.050

0.900

istribution: [, x>(NDF
0

0.950

0.975

Vdz = «

0.990

0.995

1| 0.000 5.024
2| 0.010 0.020 0.051 0.103 4.605 5.991 7.378 9.210  10.597
3| 0.072 0115 0.216 0.352 6.251 7.815 0.348 11.345 12.838
4| 0207 0207 0484 0.711 7.779 0.488 11.143  13.277 14.860
5| 0412 0.554 0.831 1.145 0236 11.070 12.833 15.086  16.750
6| 0676 0872 1.237 1635  10.645 12.502 14.449 16.812  18.548
71 0989 1.239  1.690 9.167 12.017 14.067  16.013 18475  20.278
8| 1.344 1.646 2.180 9733  13.362 15.507  17.535 20.090  21.955
9| 1.735 2.088 2.700 3.325 14.684  16.919 19.023  21.666  23.589
10| 2.156 2.558  3.247 3.040 15987 18.307 20.483 23.209  25.183
5603 3.003 3.816 4.575 17275 19.675 21.920 24.725 26.757
3.074 3.571 4.404  5.220 18.549  21.026  23.337 26.217  28.300
3565 4.107 5.009 5.892 10.812 22362 24.736 27.688  29.819
4.075 4.660 5.629  6.571 21.064 23.685  26.119 29.141  31.319
4601 5229 6.262 7.261 22307 24.996  27.488 30.578  32.801
16| 5142 ©5.812 6.908 7062 23.542  26.296 98845  32.000  34.267
17| 5.697 6.408 7.564 8672 24.769  27.587  30.191 33.409  35.718
18| 6.265 7.015 8.231 0.390 25.989  28.8069 31.526  34.805  37.156
19| 6.844 7.633 8.907 10.117  27.204  30.144 32.852  36.191  38.582
20| 7.434 8260 9.591 10.851  28.412  31.410 34170 37.566  39.997
51| 8.034 8.897 10.283 11501 20.615 32.671  35.479 38.932  41.401
22| 8.643 9.542 10.982 12.338  30.813  33.924  36.781 40.289  42.796
23| 9.260 10.196 11.689 13.091  32.007 35172 38.076  41.638  44.181
24 | 9.886 10.856 12.401 13.848  33.196  36.415 30364 42,980  45.559
o5 | 10.520 11.524 13.120 14.611 34.382 37.652  40.646 44.314  46.928

15379 35.563 38.885  41.923 45.642  48.290

12.879 14.573 16.151  36.741 40.113  43.195  46.963  49.645

13.565 15.308 16.928  37.916 41.337 44.461  48.278  50.993

14.256 16.047 17.708  39.087 42557 45.722  49.588 52.336

14.953 16.791 18.493  40.256 43.773  46.979  50.892 53.672

20 | 20.707 22.164 24.433 96.500 51.805  955.758 50342 63.691  66.766
50 | 27.991 29.707 32.357 34.764  63.167  67.505 71 420 76.154  79.490
60 | 35.534 37.485 40.482 43.188  74.397  79.082  83.298 88.379  91.952
70 | 43.275 45.442 48.758 51739  85.527  90.531  95.023 100.425 104.215
80 | 51.172 53.540 57.153 60.391  96.578 101.879 106.629 112.329 116.321
90 | 59.196 61.754 65.647 69.126 107.565 113.145 118.136 124.116 128.299
100 | 67.328 70.065 74.222 77.929 118.498 124.342 129.501 135.807 140.169




Table 3: Quantiles of Student’s ¢-distribution: f_TOC Stud(NDF)dz = «

NDF; a | 0.550 0.600 0.680 0.750 0.900 0.950 0.975 0.990 0.995
1]0.158 0.325 0.635 1.000 3.078 6.314 12.706 31.821 63.657
210.142 0.289 0.546 0.816 1.886 2.920 4.303 6.965 9.925
310137 0.277 0.518 0.765 1.638 2.353 3.182 4.541 5.841
410134 0271 0.505 0.741 1.533 2.132 2776 3.747 4.604
510132 0.267 0.497 0.727 1476 2.015 2571 3.3650 4.032
610131 0.265 0.492 0.718 1.440 1.943 2447 3.143  3.707
710.130 0.263 0.489 0.711 1.415 1.895 2.365 2.998  3.499
810130 0.262 0.486 0.706 1.397 1.860 2.306 2.896  3.355
910129 0.261 0.484 0.703 1.383 1.833 2.262 2.821  3.250

101 0.129 0.260 0.482 0.700 1.372 1.812 2.228 2.764 3.169
110129 0.260 0.481 0.697 1.363 1.796 2201 2.718  3.106
12 10.128 0.259 0480 0.695 1.356 1.782  2.179 2.681  3.055
1310128 0.259 0479 0.694 1.350 1.771 2,160 2.650  3.012
14 0.128 0.258 0.478 0.692 1.345 1.761 2.145 2.624 2977
15]0.128 0.258 0.477 0.691 1.341 1.753 2.131 2.602 2.947
160.128 0.258 0.477 0.690 1.337 1.746 2.120 2.383  2.921
171 0.128 0.257 0.476 0.689 1.333 1.740 2.110 2.567  2.898
18| 0.127 0.257 0.476 0.688 1.330 1.734  2.101  2.552  2.878
1910.127 0.257 0.475 0.688 1.328 1.729 2.093 2.539 2.861
20| 0.127 0.257 0.475 0.687 1.325 1.725 2.086 2.528 2.845
211 0.127 0.257 0.475 0.686 1.323 1.721 2.080 2.518 2.831
221 0.127 0.256 0474 0.686 1.321 1.717 2.074 2.508  2.819
231 0.127 0.256 0.474 0.685 1.319 1.714 2.069 2.500 2.807
241 0.127 0.256 0.474 0.685 1.318 1.711 2.064 2492  2.797
251 0.127 0.256 0.473 0.684 1.316 1.708 2.060 2.485 2.787
26 | 0.127 0.256 0.473 0.684 1.315 1.706 2.056 2479  2.779
2710.127 0.256 0.473 0.684 1.314 1.703 2.052 2473 2.771
28 | 0.127 0.256 0.473 0.683 1.313 1.701  2.048 2.467 2.763
29| 0.127 0.256 0.473 0.683 1.311 1.699 2.045 2462 2.756
30 | 0.127 0.256 0.472 0.683 1.310 1.697 2.042 2457  2.750
40 | 0.126 0.255 0.471 0.681 1.303 1.684 2.021 2423 2.704
50 | 0.126  0.255 0.471 0.679 1.299 1.676 2.009 2403  2.678
60| 0.126 0.254 0.470 0.679 1.296 1.671 2.000 2.390  2.660
701 0.126 0.254 0.470 0.678 1.294 1.667 1.994 2381  2.648
80| 0.126 0.254 0.469 0.678 1.292 1.664 1.990 2.374 2.639
90 | 0.126 0.254 0.469 0.677 1.291 1.662 1.987 2.368 2.632
100 | 0.126 0.254 0.469 0.677 1.290 1.660 1.984 2.364 2.626
oo [ 0.126 0.253 0.468 0.674 1.282 1.645 1.960 2.326  2.576




